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Multiple Measurements & Measurement Errors

e Ptolemy: picked the value that fits the theory

e Tycho Brahe: introduced the technique of repeating and combining observations,

but how ? - Not sure.

e Galileo: the measurement errors deserved a systematic and scientific treatment

1/10



Repeated Experiments Or Not?

Robert Boyle (the president of the Royal Society), circa 1660:

. experiments ought to be estimated by their value, not their number; ... a single
experiment ... may as well deserve an entire treatise ... As one of those large and
orient pearls ... may outvalue a very great number of those little ... pearls, that are to

be bought by the ounce ...

2/10



Galileo’s Summary

1. The observations are distributed symmetrically about the true value; that is,
the errors are distributed symmetrically about zero.

2. Small errors occur more frequently than large errors.
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Examples of The Error Curves

Simpson’s error curve Laplace's first error curve Laplace's second error curve
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The Error Curve

The true location of a heavenly body is m

We have n independent measurements (X1, X2, X3,---, X,,) on the same
heavenly body

e The measurements have errors E; = X, —m
e The errors have a pattern fg(e)
e We know that fg(e) = fe(—¢) and fg(e) = —fp(—¢)

We want to figure out fg(e)
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Using The MLE

We write out the likelihood function:
n
L(m;en,ea,-+ &) = fler,62, -+ s emsm) = [ | fr(e:)
i=1
We convert it to the log-likelihood function:
n
0= "Infr(s)
i=1
We take the derivate with respect to ¢, and let it be 0:

df_ n f/E(fz) B
T~ 2 ooy
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The Arithmetic Mean

258 DETERMINATION OF AN ORBIT FROM [BOOK 11.

this cannot be defined a prior, we will, approaching the subject from another
point of view, inquire upon what function, tacitly, as it were, assumed as a
base, the common principle, the excellence of which is generally acknowledged,

depends. Tt has been customary certainly to regard as an axiom the hypothesis

that il any quantity has been determined by several direct observations, made

under the same circumstances and with equal care, the arithmetical mean of the

observed values affords the most probable value, if not rigorously, yet very
nearly at least, so that it is always most safe to adhere to it. By putting,
therefore,

V="V'= V" ete. = p,
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The Gaussian Integral

Moreover, it is readily pereeived that # must be negative, in order that £2 may

really become a maximum, for which reason we shall put

%l‘ = — ]l/&;

and since, by the elegant theorem first discovered by LapLack, the integral
Serraddd

from 4/ =—w tod =+ is \C?, (denoting by 7 the semicircumference of

the circle the radius of which is unity), our function becomes

g = doehas,
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MLE For Parameters of Normal Distributions

Practice: Compute the MLE for 11 and o2 of a normal distribution based on the observation

L1, T2,T3, -5 Tn.
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Why n — 1, part 2

1 =1 p=ll
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