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Limitation of Point Estimation

Population parameter Estimator Estimate

µ X̄ =
1

n

n
i=1Xi x̄ =

1

n

n
i=1 xi

σ2 S2 =
1

n− 1

n
i=1(Xi − X̄)2 s2 =

1

n− 1

n
i=1(xi − x̄)2

Limitations:

• How close is the point estimate (x̄) to the population mean (µ)?

• How confident of the estimation?

• What is the sample size used to do the estimation?

Solution: Interval estimation
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Interval Estimation

• Aim: provide a range of reasonable values that are intended to contain the

parameter of interest with a certain probability.

• Confidence Level: the probability (95%) that contains the parameter value.

• Confidence Interval (CI): the range that contains the parameter value with

certain confidence level.
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Interval Estimation For µ With Known σ2

Task #1: for a population of unknown µ and a known σ, find values a and b, such

that P (a  µ  b) = 0.95.

P (−1.96  Z  1.96) = 0.95

P
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σ
√
n
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σ
√
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= 0.95

a = X̄ − 1.96
σ
√
n
, b = X̄ + 1.96

σ
√
n
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Interpretation of Confidence Interval

P


X̄ − 1.96

σ
√
n
 µ  X̄ + 1.96

σ
√
n


= 0.95

95% Confidence Interval (95% CI):

X̄ ± 1.96
σ
√
n

X̄ ± 1.96σX̄

X̄ ± 1.96S.E.

1.96
σ
√
n
, 1.96σX̄ , 1.96S.E. are called the

margin of error for 95% CI.
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4/14



95% Confidence Interval

Still have a chance to be incorrect, but the chance is low.

5/14



Different Confidence Levels

90% X̄ ± 1.65
σ
√
n

95% X̄ ± 1.96
σ
√
n

99% X̄ ± 2.57
σ
√
n
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Length of The Confidence Interval

95% CI for different samples with different sample size:

Note the length of the 95% CI: 3.92
σ
√
n

n = 50

n = 200

n = 500
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Interval Estimation For µ With Unknown σ2

Pou5f1 expression in mESCs ∼ N (µ?,σ2?)
• A sample of 8 cells:

{0.906, 4.496, 3.304, 6.11,

1.561, 4.445, 2.391, 4.572}
• Sample statistics x̄ = 3.473, s = 1.757

• 95% CI: x̄± 1.96
s
√
n
???

Results from 10,000 confidence intervals

95% CI calculated by

x̄± 1.96 σ√
n

95% CI calculated by

x̄± 1.96 s√
n

% of intervals containing

the population mean (µ)
95.24% 90.55%

8/14



95% CIs For µ With Unknown σ

x̄ ± 1.96 σ√
n

(n = 8) 100 CIs

x̄ ± 1.96 s√
n

(n = 8) 100 CIs
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t-distribution

Distribution of
x̄− µ

s/
√
n
from

100,000 samples (n = 8)

X̄ − µ

σ/
√
n

∼ N (0, 1)

T (t) =
Γ

ν+1
2
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·

1 +
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√
n
∼ T (n− 1)
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Student’s t-distribution

”Student” [William Sealy Gosset] (1908) The

Probable Error of A Mean. Biometrika. 6 (1):

1-25.
N (0, 1)

T (1)

T (3)

T (5)

T (7)

T (ν)
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95% CIs For µ With Unknown σ

A sample of 8 mESCs: {0.906, 4.496, 3.304, 6.11, 1.561, 4.445, 2.391, 4.572}

Sample statistics: x̄ = 3.473, s = 1.757

95% CI: 3.473± 2.365×
1.757
√
8

Results from 10,000 confidence intervals

95% CI calculated

by x̄± 1.96 σ√
n

95% CI calculated

by x̄± 1.96 s√
n

95% CI calculated

by x̄± 2.365 s√
n

% of intervals

containing µ
95.24% 90.55% 95.09%
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Zα and tα,ν

α

Zα

The Standard Normal

α

tα,ν

Student’s t-distribution

Commonly used value: Z0.05 = 1.65, Z0.025 = 1.96, Z0.01 = 2.34, Z0.005 = 2.61
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Conditions For Valid Confidence Intervals For The Mean

1. Random Samples

2. Independence (n < 10% population size)
3. The Normal Condition:

3.1 With known σ:

a) The population is normal

b) The sample size is large (n  30)


X̄ − µ

σ/
√
n

∼ N (0, 1)

3.2 With unknown σ:

The population is normal ⇒
X̄ − µ

S/
√
n
∼ T (n− 1)

• Be wary of extreme outliers.
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